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A wedge-shaped punch with included angle close to  is pressed onto an elastic half-plane by a centrally
applied vertical force P; the contact area, divided into a frictional region and an adhesive region, is either
known in advance (problem 1a) or has to be determined (problem 1b). Two-dimensional contact is
investigated for an elastic wedge-shaped punch pressed down by a vertical force P, a horizontal force T and
a couple of moment M (problem 2); the punch extends beyond the apex of the wedge and is flat-faced; the
contact area is divided into an inner adhesive region and two outer regions of Coulomb friction.

An analytical solution, accurate to within any prescribed limits, will be presented for these problems, thus
generalizing the solution described in [1]; the method used is that employed in [2], where the problem is
reduced to a Riemann vector problem for two pairs of functions (problems 1a, 1b) or three pairs (problem
2), which is then solved. The boundaries of the adhesive and frictional regions will be determined, and in
problem 1b the contact area also. Formulae will be developed for the contact stresses. It will be shown that
the stresses are continuous across the common boundary of the adhesive and frictional regions. The
statement made in [3] that when the punch is pressed symmetrically onto the half-plane the ratio A of the
length 2b of the adhesive region to the length 2a of the contact region is the same for a flat-faced punch and
a punch whose profile is described by the function f(x) = A|x|* (n=1) will be disproved. It will be proved
that if the punch profile is smooth in the vicinity of the point a, then A is uniquely defined by Poisson’s ratio
v, the coefficient of friction u and the exponent #; it is independent of the coefficient A and the force P (in
particular, A in problem 1b is independent of the included angle of the punch).

The introduction of the regions of friction in the contact area for problem 2, enables one not only to
eliminate oscillation of the contact stresses near the ends of the punch, but also to construct an analytic
solution of the contact problem for a wedge when the contact shear and normal stresses are unknown (such
a solution has not been obtained when the punch is fully adhesive).

The problem of two wedge-shaped elastic bodies in contact with no shear stresses was solved in [4].

1. A WEDGE-SHAPED PUNCH

ConsIDER a wedge-shaped punch, pressed down onto an elastic half-plane (0<r< o, ~7<§<0)
with Poisson’s ratio » and modulus of elasticity E; the punch, with an included angle 2y of nearly m,
is pressed down by a centrally applied vertical force P. The contact area (0<r<a, § = —7 and
60 =0) is divided into zones of adhesion (0<r<b, 6= —m and 6 =0) and Coulomb friction
(b<r<a, = —mand §=0)

ug =rctgy+6, O<r<ag 6=-m 60=0)

u=0 (0<r<b 686=—-mm8b=0)

Tig—HMOg =0 (B<r<a @=-m 79+tpo, =0 b <r<ag 6=0)
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(8, is an additive constant and pu is the coefficient of friction). Outside the contact area the boundary
of the half-plane is free from stresses. The quantity a is either fixed (problem 1a—Fig. 1a) or has to
be determined (problem 1b—Fig. 1b). The shear stresses in the adhesive region are too small to
create slipping: | 79| <p|0gy|. The normal stresses must be negative.

Symmetry dictates that problems 1a, 1b reduce to a two-dimensional boundary-value problem for
a quarter-plane, with boundary conditions

oglo=o=x1(r), (7r0 *HGg)o=0 = X2(7),

ou, . ouy 1+v
=y (), — =y, Y, (r) +ctgy, v, = (1.1)
or 0=0 ar 8=0 E

Ug ‘0:—11'/2 =0’ Tr9|0=_1r/2 =0 (0 < r < °°)

where x;(r) and ;(r) (j = 1, 2) are unknown functions such that

supp x; C [0,4], supp x2 C [0, 5]
supp ¥; C [b, =), supp ¥ C [a, =)

Since the punch is in equilibrium

™

f xi@)dr = — = (1.2)
0 2

Denote the Mellin transforms of the unknown functions by

1 1
o7 () = ({ x1(@p)p’dp, ®5(s) = ({ x2(bp)p’dp

. . (1.3)
o5 (s) = lf V1(Bp) p°dp, ®3(s) = lf V2(ap) p°dp

The functions ®; (s) are analytic in the domain D*: Re(s)S y€(—1,0) and satisfy the following
inhomogeneous Riemann matrix problem [2]

M) = K ()P1(5) — ke A tg % 1s®5(5)

(s + 1)1y + B3(5) = Ko(s)®(S) — kN 195(s), sET: Re()=7
Ki()=k_ +uxytg¥ims, Ko(s)=kictglhoms+pux_

ke =%(kz1), k=3-4y, vy=v]lctgy, A=a"'b

(1.4)

which, after factorizing K, (s ), we can write in the form

Ko [Ko()] ™ @5(5) = KS()PI(S) — A~ K] ' K1 () [236) + (s + 1) " w0}
[Ks®)) ' [®3(5) + (s + 1) 0o] = Ko() 1) — kN [KG()) " @3(s), s€ET

ko(—%s Pl +%s K
Ki) = — ——— 29 , Kq(s) = R . Ko= ——
' -%s-a I+ %s) sin o
kK, = k% —k2, a=n"1arcctg (uk_k;')

Noting that the function
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w(8)=2oh™ "~ LK) (s + 1)] 'K, (5)
has a pole of first order at s=—1 (ED™), we obtain the following representation in the
neighbourhood of that point
w@)=a(s+1)? +(@ ~amN) @+ 1) +0(1), s>-1

ap = —-2px+vo1r_3/’ I(a — %)
ay =vor AT(e ~ %) {k_ —pren (@ = B) — W(H)]
(¢ (x) is the psi-function). Proceeding as in [2], we obtain the following formulae for the solution of
the Riemann problem (1.4)
D7) = [Ke()] ' Z1 () + [k K] ' kX122 (s)
®7(5) = [Ke@] ' Ky ()N*71Z,(5) + [K3 ()] ' Z2(5) (1.5)
:(5)= Kk Ko($)Z2(s), B2(5) = ~vo(s + 1) + Kg()Z1(5)
Zi(s)=C+(s+1)'ay +W3(s), a3 = VoK n ATk —d)
Zy(s)= (s + 1) + (@ In A - a,) (s + )7 + ¥g5(s) + ¥i(s)

where C is an arbitrary constant, ¥7 (s), ¥7 (s) are functions analytic in the domains D* and having
the form

k4
-] A' o0 B-
Vo) = 2 3 , Vi) = T ——
o(s) iZ0 s+20%2jF1~1 10 iSo s+1+2

(1.6)

The coefficients A5, B; have to be determined; their asymptotic behaviour is described by the
following estimates [2]

Ai+ = 00\2i]'l—-2a), Af = O(Bj)=00‘2ij—2»+2a)’ j > o

The functions @5 (s) are analytic in D* if and only if the coefficient A/, B; satisfy the following
infinite algebraic system of normal type

A = )‘2n+2a—165 (C_ _a_g_—__ 5 __;4;_)
" " Mm+2a—1 j=o 2n+2j+2
Bn=)\2"5fn(C+4.5no— E ——A;—) 1.7)
j=0 2n+2+3-20
o Aj ® B;

A+=A2n+3_2u8— + X _ + X
" on (@n j=0 2n+2i+2 j=o0 2m+2j+3-2a

where
Qe =~ %1 2ok _ko?sec nal(%h — o) [¥(%h —a) — (%))
dn=—~ao(3+2n - 20)7? +(ggln A — ;) (3 +2n - 2a) ™"
8on =2k4k I (n +a) (mk_n1?)!
81n=264k3T%(n + %) [nk_T'2(n + 32 — )] ™?
Son =24k _T3(n +2 — &) (1x ,k3n1?)™?

(8mn is the Kronecker delta). Expressing the unknown coefficients Ay, B, successively as

AL =CALo+A%,, Bn=CBpo+B,,

A= A2nt2e—1 izo a’:ﬂ)@i’ ALi=A3n*2 .ioa’:ﬁ)‘zi (1.8)

Bni=N" T b,
i=o
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and introducing the notation
fao=fno=1, fu0=0, fm1 =-@aQn+2a- 1), [11=q.800, f31=4qn

we can express system (1.7) in terms of recurrence relations

- _ g+ - -+
@n0i = 80n fai, bnoi=8inf ni
+ +
kg k- .. ¥ i1 k-ji
» bnki"—51n % . .
=1 2n+2j+1-2a

ki = —Bg ,
nki 0ni=l 20 +7) ;

- 1—2a
Gt k=ji A bj_1,k~ji

)]

k
O k1 i=0on INLT2%8 fi + 2
nk-1,i~" On[ klfm =l( 2(n+].) m+2+1-12a

(m=0,1,...; k=1,2,...; i

We now determine the constant C, the position of the point b and, for problem 1b, that of point a.
By the equilibrium condition for the punch (1.2), as well as relationships (1.3), (1.5), (1.6) and
(1.8), we find

c : ( . +w) z A 0,1
= — a w , Wi = —_— = R X
1+we  2aT(@ = %0 2e~1-)) ¢ ) (1.9)

The previously unknown position of b is found from the condition that the contact stresses are
bounded there. We introduce the stress intensity factor as

Kp= lim (b-n'"%0 *199)s=0
r—+-b-0

or, by (1.5) and an Abelian-type theorem
1

—Q

b ! w
Ky = - Q@A), QQA)=gylnX-ga, + T +B;
o= T (7)) M QM=alr-a T (47 +B)
which implies the following transcendental equation for A

QM) =0 (1.10)

In problem 1a, when the position of a is known, Eq. (1.10) also determines the quantity b = Aa.
But jn problem 1b we must also find a from the condition that the normal contact stress o, be
bounded in the vicinity of a (under this condition the shear stresses will also be bounded, because
T.0 = —pop for b<r<a, 6 =0). Let

L,= lim (a-r)e(r,0)

r>a-0
By (1.5) and an Abelian-type theorem, we find
Ly=2""%% (1 -]'C
1t follows from the condition L, = 0 and from (1.9) that in problem 1b
C=0, a=-P[2T'(0) (a; +w,)]™ 1.11)

2. CONTACT STRESSES. ANALYSIS OF THE SOLUTION

We shall construct formulae for the contact stresses. Using inverse Mellin transforms in problem
1a, we deduce from (1.5) [in problem 1b, C and a are determined from (1.11)]
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06,0 ==L +x] k_L(r), 0<r<a
T (r,0)=—ux,(r), b <r<a 710, 0=x20)-px;(r), 0<r<b

1 Z,(s) —s=1 _ L Zz(S) ~s-!
O = % ¢ ) @ hO =7 [ ) ds @1
r —5-1
x0) = 2m‘x. ©) &

Using the theory of residue and the equality
Zl ('_2a _ 2]') = A-zj—2a+l(86i)—1A/‘

which follows from (1.7), we find that for 0<r<b

X Vo K. = jlA;sinma r 29%2/-1
L) = + z I (=)
£ K- KKy j=o  T(at)) b

L) = —vok (uk2 )™ — 2k4v(mk_) n (r/a) —

1 = Jl47 r 2et2j-1 1 = TI(h-at)) r 2
—— T — () - — 2 " B( )
kKo i=0 T(atj) " b kKo j=0 T(h+])) b
and finally obtain
K40, r K_ = BI'( ¥ —a +5) 2
x1(r) = — In — — 2 —_ 2.2
1(7) — : kke iZe THmT ( ) , 0<r<bp (2.2)

Thus, the normal contact stresses at r =0 have a logarithmic smgularlty (the same kind of
singularity is obtained if one considers friction-free contact between a wedge-shaped punch and a
half-plane [4]).

Now let b <r<a. We have

L Vo vwomt(la)*"'F(a,a—Y%; Pla*)
L) = - +
_ kg cos nal'(1 — a)l'(% + a)
. 2C L 2a—-1 L ’2 —-a (r/a)Za—l - A,‘:'
I‘(l—-a)(a) ( az) 'l—-a) m=om+1
r
X F,(a,mdl;—;) (2.3)
a
(a)yx’
Fi@bix)=b X ————
@b; x) ji=0 (Bt

If Y2<x<1, the function F,(a, b; x) can be calculated using the following transformation formula
for Gauss’s function F(a, b; b+1; x) [5]

I‘(b+1)[‘(1~a) b = (b+1-a)

F.ab; x Y U _x)i*tt-a
( ) = rb+1-a)x? a-1j=0 (Q-a)y ( )
For 2'2b<r<a, we can write I,(r) in the form
(bfr)* 2 aq 3 b?
L) s ————— [ -2 S( = —a —
2() koT@—1) [ 2 (2 % ) +
agln A - a, 3 b? A, b?
—— F, (2—-a, — —a; + 2 -
T —a ( 2 2) -om+1F(2 —a,m+1; )+
= B 3 b?
+ T ———F,(2-q ;-a+m;r—2)] 2.4
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{2~a};xf

N (N =
G:x) = a  (B+7Vj!

H

148

To calculate L (r) for b<r<min {2"?b, a}, we use (1.10) and the formula

S(@; x)=T@Na~ DXPTE ~ 1 +a)] ™ {Inx ~ Y(B) + v — 1 +a)]—
— 1 § (ﬁ-;+ﬁ)f,i x)}.*li'“{ifl(ﬁ Ltat]

I—a ;=1 @ ~ P~ ¥B—1+a)) (2.5
HB<x<l

which may be derived from [5, formula 7.4.1.5]. We have

(b/ry?—2 o 3 p? 3

I T e " — — - . m— " . 2o

© koI~ 1) { y S0 T ) e ”‘)30(2 o r) +

> - 3

+ mgﬂ {AmH,(1; 1)+ By Hpy ( P r)}} 2.6)
Ton+BHMa~1) r m*28

H, B; r) = r

mB ry Tm+B+a_ 1) ; +
+ 1 ;“" (m“'ﬁ*ami)i(iwﬁ)fm»i

The shear stresses are determined in similar fashion
1,0 (r, 0) = —vok k' — r{br,D(a~ 1)) 7 {4 apS(%; r2/b%) +

+(@oIn k- a)Go(h N+ 2 , UGl e 1)+ By (i DI, 0<r<h (27)
m E-

B -m)F 2 -0, f-m; r2fbY), 0<r<27%p

Gu@B P = | Pem+PP—1) r 2"=h o (mtatp-1)
P-m+a+f—1) b} i=1 (1 -a)(@)y

» jto—1

X0~ , 27BB<r<sp

It is obvious that the shear stresses vanish as zero: 7,4(r, 0)—> —pox_k;t, r—0.
It can be shown that the contact stresses are continuous at b.
By (2.2)
y IR k. = B —a+)
2 A — T

x,(b—{}) 2 -
nK, Heke J=0 TCOh+H

On the other hand,
G+ =L G+ D+ s [ (B +0)
To compute Io(b + 0) by formulae (2.6), we express A, in terms of A, using the first equality of (1.7) and use
the formmla
$& D=ErETE~ DIrE+e - D] [E - 1+ o) - 9@

which can be derived from (2.5). This yields the desired relationship

lim og(r, 03 = lm  op¢r, )
r>b-0 reb+0
By (2.7) and the equality 7,9(b+0, 0) = ~pux,(b+0), the shear stresses are also continuous

across the friction/adhesion boundary.
In problem 1b, the conditions L, =0, or the relations (1.11) that follow from it, imply the
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p
-a L7

equalities oy (a, 0) = 7,4(a, 0) = 0. Indeed, letting r—a~0in (2.1), (2.3) and (2.4) and taking (1.7)
into account, we obtain x, (a—0) = 0.

3. THE DEPENDENCE OF A ON THE PUNCH PROFILE

Let us consider problem Z,, which is concerned with a punch whose profile is described by the
function f(x) = A|x|" (where A is a given positive constant with the dimensions of x™*'), pressed
down on the half-plane |x|<, y =0, by a symmetrically applied vertical force P (Fig.2). The
region of contact (|x|<a, y =0) is divided into an adhesive region (|x|<b) and a region of
Coulomb friction (b<|x|<a). The positions of the points a are determined a posteriori.

It was stated in [3] that the quantity A = b/a is independent of A, n and P, depending only on u
and »; i.e. in a punch with profile f(x) = A|x|"(|A] <, n=1) or in the problem Z, of a flat-faced
punch (n = 0) we will have the same A. This conclusion is incorrect.

Letp(x) = o, (x, 0), g(x) = 7,,(x, 0). Then, using results obtained in [1], we obtain (for problem
Z,)) a system of two singular integral equations

2%y a
K-plx) +— _(l;q(t) g -0 0<x<b
2y 8 xdt _ n—1
—k-q(x) + — gp(t) A " Anx" 0, 0<x<a (3.1

where A, = nv;lA. In the frictional region p(x) and g (x) satisfy the condition
qxX)+up(x)=0 (b<x<a)

but at x = a, as the punch profile is smooth in the neighbourhood of that point, we have

p@)=q@=0 3.2)
As the punch is in equilibrium
a P
Spx)dx = — — 3.3)
0 2
The differential operator
do = n-1 x _g_
"

(see [3]) makes the inhomogeneous system (3.1) homogeneous

2xy 4 tde
K_Py(x) +— {qo(t) =0 0<x<b
2 a d 3.4
~Kk_go (%) + =t S P, ,x ! + =0, 0<x<a
0 t* - x
QO+ P, () =0, (b<x<a) (3.5)

Py (X) =dpxep(x), q,(X) =dpyx q(x)
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where, by (3.2), p(x) and g(x) are expressed as follows in terms of po(x) and go(x)

1 % P, (D) & q.()
px)=nx"71 un dr, qxy=nx""lJ ;( dr (3.6)
x r x t
In view of (3.3) and (3.6), we obtain
a
P
(f)p,,(x) == 3.7

Thus, the system of integral equations (3.4), with conditions (3.5) and (3.7), is equivalent to the
corresponding problem for a flat-faced punch, provided that, in addition

q(x) + pp(x) = nx* 1 fb —qf—(i)—;—“f—o—(i dr (3.8)
x t
and to ensure the validity of the condition g(b)+ up(b) = 0, it is sufficient to require integrability of the
function go(x) + upy(x) in the vicinity of the point x = b.

The positions of b and a are defined by two equivalence conditions for systems (3.1) and (3.4). To determine
these conditions, we consider the functions y; (x) = po(x) E H*[0, a) and x,(x) = go(x) + upe(x) EH*[0, b),
where H*[0,¢) is the space of functions that satisfy a Holder condition in the interval [0, c) and have an
integrable singularity at x = c¢. Then x;(x), x(x) is a solution of the system

‘ 2uky & x, (Ordt 2k b X, (OHfdt
K_x, (X) - of pranarral i {r’~x‘ =0, 0<x<5b
2 a t) xdt
K () — K x () 4 XOXT e (3.9)

kg 0 1t - x?

Extending system (3.9) to a semi-infinite interval by means of the functions ¢, (x), ¢, (x) (supp ¢, (x) T (b,
), suppy;(x) C(a, ©)), applying the Mellin transformation and using the notation (1.3), we obtain the
homogeneous Riemann matrix problem (1.4) (¥, = 0) whose solution is known [2]. Formulae for the solution
are also obtained from (1.5) by setting v, = 0; they may be written as

x,@ar) = CX:(T)s X, (b7) = Cxs(r), C=Pa et

(the asterisks mark quantities that are independent of a and P). Then the functions p(x) and g (x) are given by

1 d
p@d) = Cohk), pae)=ng" ! { X' —TQ—

- ! a -n I dr
2@H) = Car®,  an® =" —u [ xIn — + AT L ) —
£ T £/A T
We require that the following two conditions hold
2 ! -
PR S LA T T 0 NaGDPCT = A
0 R

(3.10)

2K4§
"

1

Na® = —<_an(® + f pae
0 -t
(&, & are arbitrary points in the intervals (0, A) and (0, 1), respectively). Then systems (3.1) and (3.4) will be
equivalent. The first condition of (3.10) is a transcendental equation for A; A is obviously a function of the
parameters v, u and n, and, in problems with condition (3.2), is independent of P, E and A. To determine a, we
use the second condition of (3.10)
a= [-PC*E} T A N e

It was assumed in [3] that the shear displacements in the adhesive region were not zero but a polynomial

u —
o =My ix|" L xi<o, My=nv'M (3.11)
X ly=0
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where the constant M is to be determined from condition (3.2). However, this condition is automatically
satisfied thanks to (3.6). The condition for systems (3.1) and (3.4) to be equivalent, corresponding to the case
(3.11), makes it impossible to choose M so that, for any n, A is the same for problems Z; and Z,. Thus, if
condition (3.11) holds then, a fortiori, A depends on the punch profile.

4. THE CONTACT PROBLEM FOR A WEDGE IN THE PRESENCE OF FRICTION AND
COHESION

Let us consider a flat-faced punch (0<r<a, 6=0) pressed into an elastic wedge (0<<r<co,
—w<60<0) by a vertical force P, a moment M and a horizontal force T (Fig. 3). The region of
contact consists of an adhesive region (b, <r<b,) and frictional regions (0<r<b; and b, <r<a);
the boundary 6 = —w is stress-free

0=0: ug=6,+tyr, 0<r<a; u,=8; b, <r<b,,
Trg —MOg =0, 0<r<b,; 1,0 +u0g =0, by <r<a
T,9=00=0, a<r<oo

B=—w; 0g=Tp=0, 0<r<oo

(v is the angle of rotation of the punch). If the conditions
a a a
fog(r,0)dr=-P, [1,4(r,0)dr=-T, [og(r,0)rdr=-M 4.1
0 0 0

are satisfied, the punch will be in equilibrium. Consider the following functions and their Mellin
transforms

X1(r)=(Trg —HOg)g =g, X2(r)=(r,6 +U0Og)s =0

w‘__l_au, 0 __1_8146 42
1€ v, Oor ¢, 0), %(r)—u‘ or .0 “2)

I Xjgr ‘1’,-: = ({ Il Xj(’), wi(ryli riar

The functions ¢;; and y;, satisfy the relationships
2u¥15=010) X1s+ 122(8) Xag, W25 =111(5) Xis *112(8) X2s
1;(s) = —uk_ + k. [2d(s)]™ [(=1)7~(sin 2ws + s sin 2w) + 2us(s — 1) sin® w]
Lj(s) = (—1) Kk + Ky [2d(s)] ™ [—# sin 2ws + s sin 20 — 2(=1)7s(s + 1) sin® w]
Putting A; = by/a, A, = by/a

1 1/,
Do(s5) =}\fx1(ar)r’dr, D(s) = lf xa(byr) ridr

l o
DI(s) = ({ xz2(b2r)rsdr,  Pi(s)= 2#lf Vq(ar) ridr
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l o0
®5(s) = 2#({w,(blr) ridr, ®3(s) = 2;11f Vy(bar) ridr 4.3)
1) = 11(8)22(5) — 1y 2 (59121 (5) = 2me(s)[d(s)] !
e(s) =3 —s¥sin®w — «k sin®ws

we obtain a Riemann matrix problem [2] which, after factorizing the functions
ki(s) =L ()Li@ X IX©)™",  s€T (j=0,1,2)
. [4 -
ko() =11 (), kn@®)=IEOa®1T (=12

Ko(~65) _ (1 + 6s) w Ky
0 = T L S o 6 =, =
L5 Il —a - 8s) o) I'(a + 65) m o sin ma
, K T(-8)(1 — o — 85) . (1 + 8s)I'(a + 85) 2uK
LiG) = — — . L) = - , Ky =
I (% - 8s) I'“(4 + 8s) Ko
K T(=8s){(x — &s) _ T(1+65)I'(1 —a+8s)
L;(S) = ! ( 2 » L2(s) = 2
I'2 (% — 65) T2(% + bs)
In k9 (s) e
Xj()=exp(—— [ —— ds), ind k%(s)=0
M T s-2 /

k3s)=81(5), k@ =@ n=1,2)
19, () = [—tk_ + (=1)"k+ ctg ws] Hyn(s), 1°(s)= — (2mk) g% wsl(s)

may be rewritten in the form

d’{(f)+(s++ DG _ LJ_(S) By (s) + AS*! Ilzl(f) LJ(S_)‘I";(S) = 2y
Lg(s) Xo(s) Xo(s) () Xo(s) v,
P3(5) _soq 21 BE+G+DTC L) o

< M Py = — () -

Li(s) Xi(s) ()  Li) X1(s) X1(®

= QM) L EUE X 1] 7 L) 256)

—[L7®1 X2 P3(s) = L3() X3 ()P + e /M) (9] 7 X
X LIOXTEP3() = AT 2 (UE®] T L) X360 [256) + (5 + 1) Co] (4.4)

Letg; (j=0,1,...) denote the poles of /;5(s)[l;1(s)] 'in D™, and o;" (j =0, 1, ...) those of
Li(s)[l(s)]™" (o;" €D™). All the numbers ;" are real. Let 5; (=0, 1, ...) be the (complex-
valued) roots of the function e(s) defined in (4.3). Then I, (s)[/(s)]™" has poles in D™ at the points
s=s5;, and the functions /(s)[{(s)]™", La(s)[/(s)]"" have poles in D* at the points s =s;.
Following the scheme of [2], we define

= A = B
vi= £ L, we= £ -
i=0 s~0; j=0 s+g;

(A", Bj are coefficients, as yet unknown), and we obtain a solution of problem (4.4)

o LK) o o ey D@ oy e @OL3E)
%O = oo MO e PO Teone 0
. } Xf(f) A st lll(f)L{(S)
= N—§—1h- ~(s) = Q —_(— —_
PI(s) =71 ®.(5), P5() Li6) 2(8) (7\2 ) 1) X3(5) 3
B3(s)=—(s+ 1)1 Co + L) Xg() 2 (5),  P3(s) = —L3(s)[X3(5)] " 25(5) (4.5)

®3(s) = L) X7 ()2 (s) + A7 °~ L, )11 (OT Lo ()Xo ()24 (5)
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,()=(+1)"peCo +C, +¥{(5)
()=~ (s+1)1w,Co + Cy + V() +¥3(s), S3(s)=—(s+1)'0,Cp +¥5(s)
vo = [Lo(-DXg(=D] !

1 . IZI(S) + + . 122(8)
- 1 r———— = —_— —_—
T GODLIED sy T ¢ 2T XD m S

(if w# 7 or w#arcctgu, then v, = 0; if sin?w+#1— v, then v, = 0); C;, C, are arbitrary constants.
To determine the boundaries of the adhesive and frictional regions, we determine the stress

intensity factors

b} ~*@,Co - B,) =
Ki= lim (@=-b)'"%%0 = *~, B.= X Bf
1 r—»b,+‘o( 1) " *x(n) 5% 1y, I(@) R
Ky=  lim (b2 ~ D' X2 (1) = C2b} ~* [T(c)5%] !
r — 37—

and stipulate that K; =0, K, = 0. Then
C;=0, »,Co-B,=0

We express the coefficients A7, B in the form
1 1
An = I CrAnx, Br= I CiBix
=0 k=0

Then a necessary and sufficient condition for the functions ®;*(s) (j = 1, 2, 3) defined in (4.5) to
be analytic in D* is that

+ VoS ko &
R Y e
nk = A2 n P ot o,—-o:)

Ay St v, 6 - Bj;
o= () (=2, 3 LI

A, n sptl  j=0 s, t5;

. ) = A B},
Aje = NP — 2 45y, + T (v L))

O, +1 j=0 o,,—oj Oy — 5

A ot 180 s Ajk Bji
Bar = (— EI[——= + 8,y - Z 2+
n ()\2) n [s,,—l *2 i=o(s,,+a,-*' Sp t8; )]
n=0,1,...; k=0,1)

(4.6)

D = L(s) Lo(s)Xo(s)
" LIOXIE)
r3) = 11(s) Li(9)Ls(s)
e XOXE

@) = 1200 La@Xi()
s=op " 1) XOLIE) le=op

ROBRLEIO)
s=sp n 1'(s)

L{©L;OX () X5($)ls= s,

(conditions (4.6) correspond to an infinite algebraic system of normal type).
Assuming that the three equilibrium conditions (4.1) are satisfied, we obtain a formula for the

angle of rotation of the punch
v=—v,a ' PFy[agoF) *ao1 (2 - Fy)]™! 4.7)
and a system of two transcendental equations for A; and A,
folajoFy +a;1(vy — Fo)l= lagoFy +ag 1 (v2 — Fo)lf; (j=1,2)

We have used the following notation here and in (4.7)
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o 2uP 2T WM
Fr= 2 B (k=01 fo=—, Hh=—, [ = —
i=o a a a

iy = Azb" [l + (—1)ld0]( —*V‘ﬁ‘ko + w,{o + X;Q) — (*—'l)ieO(VOSkO + 5](! + (rJ}:Q)

Dk =~qo (hvodio +8k1 +ay, (,k=0,1),

2w + sin 2w + 2 sin? w Xo(1) X7(0) ,
dy = B 3 v Bo T T , €= —— (j=0,1)
200 — sin 2w + 2usin® w Lqo(1) L ()
. o0 Af ~ B
Gim = 2 LA g = -T2
=0 m-—-G; =0 &

H

We will now determine the singularities of the functions 7,4, oy, du,/3r, dus/dr as r—0 (6 = 0).
Using (4.2), (4.3) and (4.5), we obtain

Y AN ¢ A NS L @
Xa(bar) = — [ { U xR — () 1l s } -
ani T (s) A La(s) L)Xz} 71
By Cauchy’s Theorem, in view of (4.6), we obtain
oo l { )Q “ﬁ;l -1
SRS e T A A (4.8)

T on=o ML )XSOLI)  s=gy by
where B (n=0, 1, ...) are the roots of I;5(s) in D*. Similarly, we have
) o ! S)Q N ~fn -1
. ( +3()+ | (2
n=29 fgz(S)Lz(S)XZ(s) ’S‘”’ Bn by

Thus, the contact stresses and radial derivatives of the displacements behave like r” as r—0
(o0 = —B¢ — 1, By has the largest real part of all roots 8,7).

5. NUMERICAL IMPLEMENTATION

Problems 1a and 1b have been worked out numerically for »= 0.3 and E/P = 1. Below we present the
computed values of A x 10 for a flat-faced punch, for different values of u (the figures in the second row are
taken from [1]; those in the third were computed specially for this paper, for probiem 1a with 2y = )

i 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
AX10® 369 366 695 868 942 974 989 993
AX10® 365 360 689 865 941 973 988 992

(these figures are independent of E/P). Table 1 lists values of A x 10° for some values of u and y, = 7 — y with
E/P =1, in problem 1a. For problem 1b, as remarked in Sec. 3, A is independent of the angle y and quotient
E/P, depending only on u and ». Here are the values of A and a for a few values of p

w 0.1 0.3 0.5 0.7 0.9 1.1 1.3
A 3.18x107*  0.109 0.289 0.413 0.497 0.556 0.601
A 10.27 10.03 9.84 9.70 9.59 9.50 9.43
(the lower row corresponds to the case y, = 3°), as well as a for fixed p = 0.3 and a few values of vy,
ve 1° 5° 10° 15°

a 50.28 10.03 4.98 3.28

Figure 4 shows plots of the contact stresses for p = 0.3. Curves 1 and 1° correspond to normal stresses
~P 'ay(ar, 0) in problem 1a with y, = 5° and vy, = 0 (a flat-faced punch), and curves 2 and 2° correspond to
stresses P~ 7,4 (ar, 0) in the same cases. In problem 1b, for the case v, = 5°, plots of the stresses — P~ o, (r, 0)
and P '74(r,0) are shown in Fig. 5, where curves 1 and 2 correspond to normal and shear stresses with
p = 0.3, curves 1° and 2° correspond to the same stresses with u = 0.7. Plots of the functions o, and 7,, (no, ) ™'
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a1
1971
f
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}
805 ¢
! N
L]
: Ji N
|
T
: r
g 5 10
Fic. 5.
TaBLE 1
Yo 2=0.1 0.3 0.5 0.7 0.9
1° 29.0 662 930 986 -
5° 114 558 874 966 992
10° 4.09 442 779 917 970
15° 1.91 345 676 840 922

for y =0 in problem la with y, =0 (flat punch), »=0, u = 0.3683 (in which case A = 0.3) are in good
agreement with the corresponding curves in [3], which were based on numerical computations.

[
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